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ABSTRACT
We consider possible conformal field theory (CFT) descriptions of the various in-
ertial ranges that exist in 2d duality invariant Magnetohydrodynamics. Such models
arise as effective theories of dyonic plasmas in 3 dimensions in which all fields are
independent of the third coordinate. We find new constraints on the allowed CFT’s
compared to those that may describe turbulence in 2d plasmas of electric charges only.
The predictions from CFT concerning equipartition of energy amongst the electric and
magnetic fields are discussed, and quantities exhibiting universal scaling are derived.
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Recently, we derived a generalized theory of Magnetohydodynamics by incorpo-
rating, in a variety of ways, magnetic charges [1]. The duality invariant Maxwell’s
equations (see [4] for example) together with fluid dynamics are the main ingredients
in this generalization. The plasma physics of purely magnetic charges can also be ob-
tained by performing duality transformations on all the equations of ordinary MHD.4
Moreover, it was also shown in [1] that a mixed plasma of both electric and magnetic
charges, in the ideal limit, reduces to a fluid with vanishing electric and magnetic fields,
while a plasma of dyons (which carry both electric and magnetic charge) exhibit new
physical properties. Motivated by recent work of Polyakov [7], we would like to under-
stand the role of CFT in finding solutions to the above mentioned cases in the ideal
limit.
The analysis of the magnetic plasma case, being dual to that of electric one, is the
same as in [2,5] with the role of electric and magnetic field interchanged. Also, the
case of a mixed plasma, being a fluid in the ideal limit, is covered by the analysis of
[7]. Therefore, in this letter, we will concentrate on the case of dyonic plasmas. For a
detailed analysis of the equations of dyonic MHD we refer the reader to [1].
For the purposes of this paper, we need only to display the equations of dyonic
MHD in the ideal limit. These are given by
∇ · v = 0, ∇ · B = 0, E =
1
c
v × B,
∇× (v × B) =
∂B
∂t
, ∇× (
∂v
∂t
+ v · ∇v) =
1
4πρM(e2 + g2)
× (B · ∇B). (1)
The quantities E and B are duality invariant combinations of the physical electric and
magnetic fields E and B, defined as
E = eE+ gB, B = gE− eB, (2)
here e and g are, respectively, the electric and magnetic charges, v is the velocity and
ρM is the mass density. The crucial observation is that, up to factors of (e
2 + g2),
these are exactly the equations of ordinary MHD with suitable field identification.
This implies that the CFT analysis of duality invariant generalized MHD turbulence
follows from that of ordinary MHD [2,5]. However, we should note that the duality-
invariant fields E and B are not the physical fields but rather a linear combination of
4For some recent applications of dual MHD see [6]
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them.This, as we shall see, in general will put extra constraints on the allowed CFT
solutions, in order to have a consistent interpretation of the physical fields in terms
of CFT operators. In addition, the consequences of duality symmetry concerning the
equipartition of a fraction of the plasmas energy into the physical E and B fields are
explored. For completeness and by way of introducing necessary formulae, a brief
summary of some of the results of [2] is given, but expressed in the present context.
In order to investigate the possible role of 2d CFT in understanding generalized
MHD turbulence, it is natural to consider the latter theory in two dimensions. An
effective two-dimensional theory is defined by imposing the condition that all fields
are independent of the third coordinate, i.e, ∂3v = ∂3B = 0. The generalized theory
of MHD is obtained by defining the two-dimensional “passive” scalars v3 ≡ V and
B3 ≡ B, and the two-dimensional vectors vα and Bα, with α, β = 1, 2. The latter can
be expressed in terms of the two-dimensional potentials ψ and A,
vα = ǫαβ∂βψ, Bα = ǫαβ∂βA. (3)
In terms of these quantities and Aˆ ≡ ǫαβ∂βA∂α, the dimensionally-reduced set of
dyonic MHD equations, take the form
ω˙ + ǫαβ∂βψ∂αω = −
1
4πρM
Aˆ✷A, A˙+ ǫαβ∂βψ∂αA = 0,
V˙ + ǫαβ∂βψ∂αV =
1
4πρM
AˆB, B˙ + ǫαβ∂βψ∂αB = AˆV, (4)
where ✷ ≡ ∂α∂α, the dot over a symbol denotes time differentiation and ω ≡ ǫαβ∂αvβ
is the 2d vorticity .
Polyakov’s proposal, in the case of inviscid fluid flow, was to identify the statistical
fields of turbulent fluids with certain operators of a CFT such that the Hopf equations
were satisfied, thus offering an exact solution to these equations. It should however
be emphasized that such solutions describe a kind of static limit of turbulence where
all correlators involving t-derivatives of fields vanish [7]. The Hopf equations resulting
from (4) are considerably more complicated than those considered by Polyakov [7], and
first attempt at finding their CFT solutions was due to Ferreti and Yang [5] and later
in [10] where simplified solutions to pure 2d MHD in which V = B = 0 (in the present
notation) were found. Another set of reduced solutions were obtained in [2] where the
so called perpendicular flow was considered in which the 3d vectors v and B are at
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right angles to each other. One particular realization of this is to set A = V = 0, which
gives Hopf equations corresponding to
ω˙ + ǫαβ(∂βψ)(∂αω) = 0, B˙ + ǫαβ(∂βψ)(∂αB) = 0. (5)
These equations imply the existence of three quadratic conserved quantities: enstrophy
1/2
∫
ω2 d2x, kinetic energy 1/2
∫
(vαvα) d
2x and the quantity 1/2
∫
B2 d2x.
In the pure 2d MHD case mentioned above, the presence of a non-vanishing 2d
vector Bα does not allow for a conserved flux of enstrophy (even if one allows oneself
the freedom to add terms in Bα ), but there is a conserved energy flux, 1/2
∫
(vαvα +
1
4πBαBα) d
2x.
Before moving on to consider the specific constraints on CFT solutions to the Hopf
equations, we discuss the additional constraint that arise in satisfying Hopf equations
associated with dyonic plasmas. These come from the fact that assigning the appropri-
ate conformal primary or secondary fields to vα, V,Bα and B to satisfy such equations
is not the end of the story. Such an assignment should be supplemented with fur-
ther constraints on the operator product expansion (OPE) structure of CFT such that
physical fields have a well defined interpretation. Moreover, one of the predictions of
the CFT approach is to obtain the slope of the spectrum of energy fluctuations which
is related to the conformal dimensions of the primary fields [7]. In the present situation
we should be able to determine the various contributions to this spectrum from the
physical electric and magnetic fields. Within the CFT approach, this simply require
an unambiguous assignment of a particular primary field (or its secondary) to such
physical fields for any given solution.
If we express the physical fields Eα, E and Bα, B in terms of their duality invariant
counterparts, one has:
Eα = λ
(ǫαβ
cg
(vβB − BβV ) +
Bα
e
)
, E = λ
(ǫαβ
cg
(∂αψ∂βA) +
B
e
)
,
Bα = λ
(ǫαβ
ce
(vβB − BβV )−
Bα
g
)
, B = λ
(ǫαβ
ce
(∂αψ∂βA)−
B
g
)
. (6)
where λ = (eg +
g
e )
−1. Now recall that the fields Bα,B, vα, V will be associated with
specific primary or secondary fields. However, it is clear from (6) that there is in general
an ambiguity in determining the corresponding fields associated to the physical electric
and magnetic fields. In fact if all terms on the rhs of (6) are non-vanishing, we then
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need to place extra conditions on certain OPE’s in the CFT. Specifically if ψ,A,B and
V are identified with primary fields then we require
[ψ × B] = [A× V ] = [A], [ψ ×A] = [B], (7)
where [φ] in (7) denotes the conformal family of the primary field φ. However, under
certain circumstances these additional constraints do not arise. For instance, consider
the two cases discussed earlier. First if V = B = 0, then clearly there is no longer any
ambiguity because all quadratic terms in Eα, Bα vanish, likewise the linear terms in
E,B. In the second limit, A = V = 0, we also have no ambiguity since this time the
linear terms in Eα, Bα vanish, likewise the quadratic terms in E,B. But in general, we
should impose further constraints on the OPE’s as in (7) to make sense of the CFT
approach. Later on in this section we shall see that making unambiguous connections
between the physical fields and primary fields, allows one to make predictions con-
cerning the equipartition of energy amongst the fields Eα, Bα and the passive scalars
E,B.
Let us now return to the specific problem of finding CFT solutions to our dyonic plasma
coupled to passive scalars in d = 2. In keeping with Polyakov’s original idea, we would
like to interpret the fields ψ and B as primary operators in some CFT. The vorticity
ω ≡ −∂2ψ then becomes a level one field in the conformal family of ψ. The equations
of motion (5) can be considered as defining equations for new fields ω˙ and B˙, provided
that due account is taken of short distance effects by implementing the point-split
regularization scheme when a product of two fields defined at the same point arises.
The result is
ω˙ ∼ |a|2(∆φ−2∆ψ)[L−2L¯
2
−1 − L¯−2L
2
−1]φ, B˙ ∼ |a|
2(∆χ−∆B−∆ψ+1)[L−2L¯
2
−1 − L¯−2L
2
−1]χ, (8)
where φ and χ are the minimal dimension operators in the OPE ψ × ψ and ψ × B
respectively, the L−n’s are the usual Virasoro generators and a is an UV cutoff. These
relations fix the dimension of ω˙ and B˙ to 2 + ∆ψ and 2 + ∆χ respectively.
As described in greater detail in [2], we would like to make connection with the theory
of turbulence by postulating that Hopf equations are satisfied by ω and B. These imply
the vanishing of ω˙ and B˙, which leads to the inequalities
∆φ > 2∆ψ, ∆χ > ∆ψ +∆B − 1. (9)
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The additional physical principle necessary in the description of turbulent solutions is
the requirement that the flux of energy or enstrophy be constant on infrared scales,
consistent with either an energy cascade or enstrophy cascade scenario. As was demon-
strated by Polyakov [7], constant enstrophy flux implies that ∆ψ+∆φ = −3, while the
corresponding constraint for constant energy flux derived by Lowe [8] is ∆ψ+∆φ = −2.
Assuming a constant B-flux, which is consistent with the conservation of
∫
B2 d2x, an
additional constraint ∆B +∆χ = −2 on the dimensions of B and χ is derived.
One can impose the condition of constant B-flux together with either constant
enstrophy flux or constant energy flux. We found only one solution in the former case
among minimal models (p, q) [11] with q < 500 and two solutions for constant energy
in the same range. The reader is referred to [2] for details.
We now turn to the situation where we consider different limiting cases of (4). We
have investigated all possibilities and we found that in nearly all the cases we obtain
equivalent results to either the case outlined above or that described by Ferretti and
Yang [5], namely the limit B = V = 0. The notable exception is if we set A = 0
without any constraint on V . We then obtain the following equations of motion:
ω˙ + ǫαβ(∂βψ)(∂αω) = 0, V˙ + ǫαβ(∂βψ)(∂αV ) = 0, B˙ + ǫαβ(∂βψ)(∂αB) = 0.(10)
We note that the kinetic energy corresponding to the third component of velocity V is
independently conserved. Hence, in addition to the flux constraints above we obtain an
additional condition which must be satisfied simultaneously, namely, ∆V + ∆ϕ = −2,
where ϕ is the minimal field in the OPE of ψ × V .Imposing this additional constraint
makes it even more difficult to find exact solutions for this system. We have not found
any explicit examples in our searches through non unitary minimal models so far.
We now consider the consequences of CFT solutions to the Hopf equations, along with
the flux matching conditions, with regard to the partitioning of kinetic energy amongst
the various fields. For simplicity we consider the previously discussed limiting cases of
B = V = 0, or V = A = 0. Defining the momentum space energy density K(k)
∫
dkK(k) =
ρM
2
(< vαvα > + < V V >) +
1
4π2(e2 + g2)
(g2 < EαEα >
+ g2 < EE > +e2 < BαBα > +e
2 < BB >
− 2eg(< BαEα > + < BE >). (11)
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For the case B = V = 0, Eα = −
e
gBα =
λ
eBα and one may show that
∫
dkK(k) =
ρM
2
(< vαvα >) +
1
4π2
(< BαBα > + < EαEα >), (12)
from which we learn that
K(k) = Kkin(k) +Kelec(k) +Kmag(k),
Kkin(k) ∼ k1+4∆ψ , Kelec(k) ∼ k1+4∆A , Kmag(k) ∼ k1+4∆A (13)
where Kkin(k), Kelec(k) and Kmag(k) are contributions to the energy spectrum from
the kinetic energy < vαvα > and electric and magnetic energies < EαEα >,< BαBα >
respectively. What is apparent from (13) is that whilst there does not need to be an
equal partitioning of energy between velocity and electric (or magnetic) components
(∆ψ 6= ∆A in general), there is an equipartition of a fraction of the total kinetic energy
amongst the electric and magnetic fields. The latter is clearly a consequence of the
existence of electric-magnetic duality.
Finally we discuss the generalization to dyonic MHD of the universal scaling invari-
ants first discussed in [9] in the context of Polyakov turbulence. There it was shown
that irrespective of any particular CFT solution to turbulence, the quantity
Q(k) = (E(k)P (k)k−8)
1
4 ∼ k−3 (14)
is a universal scaling invariant, where
∫
dkE(k) =< vαvα > and
∫
dkP (k) =< ω˙ω˙ >
is the power spectrum associated with ω˙. Numerical simulations of 2d turbulence are
in broad agreement with Q(k) having slope −3 [9]. In the present context we can also
search for the generalizations (if any) of such scaling laws, which might also provide a
useful check in any future simulations in 2d turbulent MHD and its dyonic counterpart.
Let us consider the two limiting cases (I) B = V = 0 and (II) A = V = 0 for which
we can unambiguously associate a conformal field to the physical electric and magnetic
fields as discussed earlier. In case (I) the only conserved quadratic invariants are∫
dkK and
∫
dkAA. Defining
∫
dkPA =< A˙A˙ > and Q
I = (KPAk
−8)1/4 one finds for
constant A flux solutions to the Hopf equations (4 ) that QI ∼ k−2+ k∆ψ+∆χ. The −2
contribution to the slope of QI is universal but there are also non universal terms which
may, depending on the values of ∆ψ and ∆χ be small compared to this. In case (II) there
are three conserved quadratic invariants
∫
dkE(k), < ωω > and
∫
dkEB =< BB >. In
this case apart from the universal scaling law for Q(k) defined above , there is a new
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scaling law for the quantity QII = (EBPBk
−6)1/4 where
∫
dkPB =< B˙B˙ > . In the
inertial range with constant B flux defined earlier, one finds QII(k) ∼ k−2.
To summarize, we have analysed the conformal field theoretic solutions of various
inertial ranges of 2d duality invariant Magnetohydrodynamics. We focused on the
equations of dyonic plasmas in the ideal limit. These are equivalent to those of normal
ideal MHD equations but with the physical magnetic and electric fields replaced by the
duality invariant quantities B and E . Due to the extra structure of the system coming
from electric-magnetic duality symmetry, new conditions have to be imposed on the
OPE’s of CFT solutions. These conditions arise in the attempt of associating conformal
fields to the physical variables. This is essential in determining the contribution of the
magnetic and electric fields to the power spectrum of the system.
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